Abstract W e discuss Parshin's conjecture on rational K-theory over finite fields and its implications for motivic cohomology with compact support.
Introduction
Parshin's conjecture states that higher algebraic K-groups of smooth projective schemes over finite fields are torsion. In [6] , we studied the properties that Parshin's conjecture would imply for rational higher Chow groups. We compared higher Chow groups to weight homology H W i (X, Q(n)), defined by Jannsen [10] based on the work of Gillet-Soule [8] , and obtained a diagram (1)
The terms with the tilde are the cohomology of the first non-vanishing E 1 -line of the niveau spectral sequence. Parshin's conjecture in weight n is equivalent to π being an isomorphism for all X and i. We showed that π is an isomorphism if and only if α, β and γ are isomorphisms, and gave criteria for this to happen.
In this article, we take the cohomological point of view and examine the properties that Parshin's conjecture implies for motivic cohomology with compact support. Surprisingly, the properties obtained are not dual to the properties for higher Chow groups, but have a different flavor. The method to study motivic cohomology with compact support is to use the coniveau filtration. To avoid the problems arising from the covariance of motivic cohomology with compact support for open embeddings (for example, one gets very large by taking inverse limits, and has to deal with derived inverse limits), we consider the dual groups H i c (X, Q(n)) * . We obtain a niveau spectral sequence, and compare it with the spectral sequence for the dual of weight cohomology H i W (X, Q(n)) * as in [6] to obtain a diagram
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Again, the upper terms are given by the first non-vanishing row of E 1 -terms in the niveau spectral sequence. The map π * is an isomorphism for all X if and only if Parshin's conjecture holds. In contrast to the homological situation, α * being an isomorphism is stronger than Parshin's conjecture. We go on to examine the relationship between diagrams (1) and (2) . Not surprisingly, this is related to Beilinson's conjecture that rational and numerical equivalence agree up to torsion over finite fields. Finally we relate bounds for all four rational motivic theories to Parshin's conjecture.
Since the purpose of this work is to understand interrelations between certain conjectures, we assume the existence of resolution of singularities. Its use in the results of Friendlander and Voevoesky [2] maybe be dispensable with more work because we work with rational coefficients, but occasionally we need a smooth and projective model for every function field to do an induction process.
Throughout this paper, the cateogory of schemes over k, written Sch/k denotes the cateogory of separated schemes of finite type over k, and Sm/k the category of smooth schemes over k.
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Motivic cohomology with compact support
For a scheme X over a field k, motivic cohomology with compact support is defined as
A concrete description is given as follows [2, §3] : Let ρ : (Sch/k) cdh → (Sm/k) N is be the map from the large cdh-site of k to the smooth site with the Nisnevich topology. Let Z(n) be the motivic complex on (Sm/k) N is , and consider an injective resolution ρ * Z(n) → I · on (Sch/k) cdh (we need resolution of singularites to ensure that ρ * is exact). Let Z c (X) be the cdhsheafification of the presheaf which associates to U the free abelian group generated by those subschemes Z ⊆ X × U whose projection to U induces an open embedding
). This satisfies the following properties: a) Contravariance for proper maps. b) Covariance for flat quasi-finite maps. c) For a closed subscheme Z of X with open complement U , there is a localization sequence
If X is proper, then since Z c (X) = Z(X), motivic cohomology with compact support agrees with motivic cohomology
Moreover, under resolution of singularities, we get for smooth X of dimension d isomorphisms [11, 12] 
resolution of singularities exists, and if
Proof. a) Using the localization sequence and induction on the dimension, the statement is easily reduced to the case where X is proper. Then we use that the complex Z(n) is concentrated in degrees at most n, and X has cdh-cohomological dimension d.
b) This was proved in [7, Prop.6.3] . The idea is to use induction on the dimension to reduce to X smooth and proper, and then use c).
c) If n < d then this follows by comparing to higher Chow groups. If n > d, consider the spectral sequence
In order for the E s,t 1 -terms not to vanish, we need t ≤ n and s ≤ d, hence to have
, and higher Milnor K-theory of finite fields is torsion.
From the localization sequence we obtain
The usual yoga with exact couples gives Proposition 2.2 There is a homological spectral sequence
The
vanishes for t > n, so that the spectral sequence (6) is concentrated below and on the line t = n. On the line t = n, the terms E 1 s,n vanish for s < n by Proposition 2.1b). We defineH j c (X, Q(n)) * to be the cohomology of the line E 1 * ,n
where we put the term indexed by X (i) in degree n + i. It is easy to check that we obtain canonical maps
3 Parshin's conjecture
Parshin's conjecture states that for all smooth and projective X over F q , the groups K i (X) Q are torsion for i > 0. In [3] we showed that it is implies by Tate's conjecture and Beilinson's conjecture that rational and numerical equivalence agree up to torsion. Since
, it follows that Parshin's conjecture is equivalent to the following conjecture for all n.
Conjecture P n : For all smooth and projective schemes X over the finite field F q , and all i = 2n, the group
Conjecture P n is known for n = 0, 1 and is trivial for n < 0. In [6] , we considered the homological analog (it was denoted P (m) in loc.cit.):
For all smooth and projective schemes X over the finite field F q , and all i = 2m, the group H c i (X, Z(m)) is torsion. This conjecture is not known for any m. One can also consider the restrictions P n (d) and P m (d) of the above conjectures to varieties of dimension at most d. By the projective bundle formula one gets
Proof. Let X be smooth and projective of dimension e ≤ d. Then conjecture P n−d+e holds for X, hence the formula H i (X, Z(a)) ∼ = H c 2e−i (X, Z(e − a)) implies conjecture P d−n for X. The converse is proved the same way.
2
Since conjecture P −1 is trivially true, the following Lemma explains why the spectral sequence for homology with compact support in [6] is concentrated in degrees s ≥ n, whereas (6) a priori is not:
and any X. In particular, the terms E 1 s,t vanish for s < n in the spectral sequence (6) .
Proof. By induction on the dimension of X and the sequence (3) we can assume that X is smooth and proper. Then 
Proof. a) ⇒ b): We proceed by induction on the transcendence degree. Choose a smooth and projective model X of k. Since H i c (X, Q(n)) is CH n (X) for i = 2n and vanishies for i = 2n, an inspection of the spectral sequence (6) shows the vanishing. b) ⇒ c) is clear. c) ⇒ a): Conjecture P n follows becauseH i c (X, Q(n)) * vanishes for i < 2n, and the sequence is exact because for smooth and proper X, H i c (X, Q(n)) * vanishes for i > 2n and is isomorphic to CH n (X) for i = 2n. 2
The statements of this Proposition are non-trivial even in the case n = 0 (but they can be proven with methods similar to [10, Thm.5.10] in this case).
Weight cohomology
Let C be category of correspondences with objects smooth projective varieties [X] over the field k,
the decomposition into connected components, and the usual composition of correspondenes. In [8] , Gillet and Soulé defined, for every separated scheme of finite type, a weight complex W (X) in the homotopy category of bounded complexes in C, satisfying the following properties [8, Thm. 2]: a) W (X) is represented by a bounded complex 
Our notation differs from loc.cit. in variance. In loc.cit., resolution of singularities is used to obtain an integral result, but see [9] for a rational result.
We define dual weight cohomology (with compact support) H i W (X, Q(n)) * to be the ith cohomology of the complex
induced by contravariance of CH n , and with CH n (X i ) * placed in degree 2n+ i. Note that this is the dual of the functor obtained via the contravariant analog of [10, Thm.5.13] from the (contravariant) functor CH n (−) on the category C. We define dual weight cohomology of a field to be
where U runs through smooth schemes with function field K.
Lemma 4.1 We have H
Proof. This follows from the first property of weight complexes together with
It follows from Lemma 4.1 that the niveau spectral sequence
is concentrated on and below the line t = n and on and above the line
i−n,n (X) be the homology of the complex
then we obtain a canonical and natural map
Comparison
We are going to check the hypothesis of [10, Prop.5 .16] to construct a functor between motivic cohomology with compact support and weight cohomology.
Recall that motivic cohomology with compact support is defined as the cohomology of
, where ρ * Z(n) → I · is an injective resolution on the cdh-site. Then C ′ is a covariant functor from the category of schemes over k with proper maps to the category of complexes with bounded above cohomology, which is contravariant for open embeddings. Moreover, for proper X we have C ′ (X) = I · (X), and a closed embedding i : Y → X with open complement j : U → X gives a short exact sequence
Restricting C ′ to smooth and proper X, we have H i C ′ (X) = 0 for i > 2n, and a functorial isomorphism
by (4) . We obtain a morphism of functors on the category of smooth and proper schemes,
Reversing all the arrows induced by arrows between schemes, but not by arrows between cohomology theories in the proof of [10, Prop.5 .16] gives a natural transformation
From now on we return to the situation k finite.
Proposition 4.2 Assume that every finitely generated field K/k has a smooth and projective model over k, and let K be finitely generated of transcendence degree d over k.
a) The map π * induces isomorphisms
In particular, we haveH
Proof. We proceed by induction on d. Given K of transcendence degree d, choose a smooth and projective model X of K and compare (6) and (9). a) If d < n, then both terms vanish by Proposition 2.1b) and Lemma 4.1.
b) follows by a similar argument, noting that the d 2 -differentials originating from the terms in question end in terms considered in a), and there are no higher differentials.
We obtain a commutative diagram
Proposition 4.3 The following statements are equivalent:
* for all i and k.
Proof. a) ⇔ b): For smooth and proper X this is clear. In general, one does induction on the dimension and uses localization sequences. b) ⇔ c): One direction follows by taking colimits, and the other by comparing the spectral sequences (6) and (9) . 
* is an isomorphism for all X and i.
Proof. The proof is similar to Proposition 3.4. a) ⇒ b): We proceed by induction on the transcendence degree. Choose a smooth and projective model X of k. Since H i W (X, Q(n)) is CH n (X) for i = 2n and vanishes for i = 2n, an inspection of the spectral sequence (6) gives the result. b) ⇒ c) ⇒ a) are clear. If α * is an isomorphism, then so is π * , and hence γ * . 2
Beilinson's conjecture and duality
Beilinson conjectured that over a finite field, rational and numerical equivalence agrees up to torsion. This can be reformulated to the following:
Conjecture D(n): For all smooth and projective schemes X over the finite field F q , the intersection pairing gives a functorial isomorphism CH n (X) Q ∼ = Hom(CH n (X), Q).
Note that since both sides are countable, this implies finite dimensionality. By the projection formula, the pairing induces a map of complexes 
